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Abstract 



We take the point of view of the particle in a multidimensional nearest neigh- 
bor random walk in random environment (RWRE). We prove a quenched large 
deviation principle and derive a variational formula for the quenched rate func- 
tion. Most of the previous results in this area rely on the subbadditive ergodic 
theorem. We employ a different technique which is based on a minimax theo- 
rem. Large deviation principles for RWRE have been proven for i.i.d. nesthng 
environments subject to a moment condition and for ergodic uniformly ellip- 
tic environments. We assume only that the environment is ergodic and the 
transition probabilities satisfy a moment condition. 
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Chapter 1 
Introduction 



1.1 The Model 

The random walk in a random environment (RWRE) is usually described as a 
time homogeneous Markov chain (random walk) whose transition probabilities 
depend on a randomly chosen environment. One can then define an auxiliary 
Markov chain on the space of environments; this is commonly called "the en- 
vironment viewed from the particle" . Here we will take the reverse (but math- 
ematically equivalent) approach and begin by defining a Markov chain on a 
suitably chosen space of environments, and then consider the "shadow" Markov 
chain on the space Z*^. 

We model the environment with a probability space and an ergodic family 
of commuting measure preserving transformations {fl, P, Tg), e e C/ and U — 
{e : e e Z*^, |e| = 1}. By an ergodic family we mean that any set that is invariant 
under all of the {Te}e<=u has measure zero or one. This is less restrictive than the 
assumption that each is ergodic. The space fl is usually taken to be the space 
of maps a; : Z'^ X [/ 1-^ [0, 1], such that '^^eu^i'^^ e) — 1 for all z e Z'^. Here 
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we place no such restriction on Q, but instead consider the more general case 
where Q is an arbitrary space and ^ is a countably generated cr-algebra. The 
transformations Tg and T_e are inverses of each other. We arc also given a map 
p : fl X U ^ [0, 1] such that for all cu we have '^^euPi^^ ^) ~ ^- ^® construct 
a transition function, also called p, by defining p{u!,TeU!) — p{u!,e). We fix cu 
and consider the Markov chain {cJ„} with transition function p{u,TeUj), state 
space fl and induced measure Pui{cJo = uj) = 1. Under P^^ we associate a shadow 
markov chain {X^} in Z*^ starting at 0, that moves one step in the direction e 
according to which is chosen. The requirement e E U makes the RWRE a 
nearest neighbor random walk. Our main results are a large deviation principle 
and a variational formula for its rate function for the quenched random walk in 
random environment. 

1.2 Notation 

We list some of the notations that will be used throughout. We denote by the 
vector in U with a 1 in the ith coordinate and zeros elsewhere. Since we often 
need to exponentiate functions of the vectors e E U, we denote the base of the 
natural logarithm by the roman typeface e (e.g., we wirte e^ for exp(a;)). For 
integer vectors x we denote the transition probability on the shadow Markov 
chain {Xn} again by p and write p{x,x + e) = p(TxUJ,Tx+e^^), where is the 
obvious generalization of the transformation T by the vector a; e Z"^. Similarly 
we will write F{x,x + e) for F{TxOJ,e). For a function h{ijj) we define the 
operator TJi{ijj) — h{TeUj). For x e Z*^, we take \x\ to be the ii norm, that 
is = + • • • + \xd\. We use E for expectation with respect to P. The 
quantities c, Co,Ci,... are positive constants and we note that constants may 
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change value from one line to the next. The closed ball centered at a with 
radius r, that is {x & R'^ : \x — a\ < r} is denoted by Br{a) and when a = 
simply by Br- 

1.3 Previous Results 

Previous results concerning large deviations for the nearest neighbor RWRE 
typically rely on the subadditive egodic theorem. In our proofs we use only the 
multivariate ergodic theorem and rely more heavily on the minimax theorem of 
Ky Fan [3]. 

The first quenched large deviation principle for a multidimensional RWRE 
is due to Zerner He assumes that the environment is not only ergodic 

but is i.i.d., that is {p{x,x + e)}^: is an i.i.d. family of random variables. He 
also assumes (as we do) that the transition probabilities satisfy the moment 
condition, 



The most limiting restriction of Zerner's result however, is that he proves a large 
deviation principle only for so called "Nestling Environments" . 

Definition 1. A random environment and it's transition function are said to 
have the nestling property if the convex hull of the support of the law of 



contains the origin. 

More recently Varadhan [11] considers ergodic environments and dispenses 
with the nestling assumption. He proves both quenched and annealed large 
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deviation principles. He does however restrict the transition functions to be 
uniformly elliptic, that is 

< a < p{u, e) <b <1 

with P probability 1. 

We will consider ergodic environments that satisfy a slightly stronger mo- 
ment condition than that of Zerner, namely 

/ I logp(a;, e)|'^+" < oo 
Jn 

for some a > 0. 

1.4 Results 

The basis for our results is the existence of the logarithmic moment generating 
function lim„_^.oo ^ logE^" |^e^^'^"^] . We then use this to derive the large devia- 
tion principle for the RWRE. We define first the class of functions required in 
the variational formula for the rate function. We will denote by /C the class of 
mean zero functions whose sum over any closed loop is zero and are in L'^"'""(P) 
(that is E[|F|<^+"] < oo) for some a > 0. 

Definition 2. A function F : flxU —>-M. is in class K, if it satisfies the following 
three conditions: 

(i) Moment: for each eeU, F e Ua>o ^"^^"(P)- 
(a) Mean Zero: for each e & U, E[F(a;, e)] = 0. 
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(in) Closed Loop: For any finite sequence {xj}"^Q G Z'*, such that Xi+i — Xi G U 
and Xq = Xn 

n-l 

^F{xi,Xi+i) = 

Remark 1. The closed loop condition (iii) in the above definition guarantees 
that for any two points x,y E Tj'^ the sum XlHo^ ^{zi, ^^j+i) where Zq = x, Zm = y 
and Zi^i — Zi E U is independent of the path {zi} chosen. 

According to Remark [T], we can define unambiguously the sum of F from 
one point x to anotlier y. We observe tliat tlie patli can be cliosen so that the 
number of summands is \x — y\. 

Definition 3. For x,y we define 

as the sum of F over any path from x to y as in RemarkUi We also define for 
X G Z'^, 

The large deviation principle will be stated in terms of a function, A. 
Definition 4. 

A(A) := inf esssuplog^p(cu,e)e<^'">+^('^'^) 
where the ess sup is with respect to the measure P. 

Theorem 1. Suppose J \\ogp{uj,e)f~^"' dF < oo for some a > and all e G 
Z'^, \e\ = 1. Then 

lim -logE^" re<^'^">l = A(A) (1.1) 
5 



Theorem 2. (Large Deviation Principle) Under the assumptions of Theorem 
[21 Xn/n obeys a large deviation principle with rate function 



I{x) =snp{{\,x) - A{\)} (1.2) 
Remark 2. In one dimension a can be taken to be zero. 
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Chapter 2 

Functions in class K 



In this chapter we prove an important property of functions in class /C. Theorem 
E] below will play an a key role in the proof of the upper bound in Chapter 3. 
The main result of this chapter is; 

Theorem 3. For F e JC, 

f(z) 

lim sup = (2.1) 

"'^°°\z\<n n 

In Chapter 3 we will use this theorem to show that given e > for n large 
enough, 

^F(X,_i,X,) <c, + ne (2.2) 

where q is a constant depending on e. As we show in Remark H] of Chapter 3, 
in one dimension inequality (12.21) follows easily from the ergodic theorem. For 
dimension greater than one the ergodic theorem is an average over the volume 
of a rectangle. What we need to prove (12.11) for dimension two or more is an 
average over paths in the multidimensional integer lattice. Therefore, a direct 
application of the ergodic theorem will not work for dimension greater than 1. 



The trick is to use the multivariate ergodic theorem to prove convergence to 
zero on the fibers of the rectangle and then to use a continuity argument to 
extend the result to arbitrary paths. 

We will use a compactness argument for a certain family of continuous func- 
tions which we construct from /. Recall that f{x) = "^q^^F. We study a 
family of functions {gn} which are scaled versions of /, that is gn{t) = f{nt)/n. 
This will allow us to use some results from analysis. In order for gn to be defined 
for t G M'^ we need to extend the domain of / from Z'^ to W^. We will define 
f{t),t G M.'^ by interpolating / over c?-cubes. 

The strategy for the proof is to show that the sequence of functions {gn} 
converges uniformly to zero on bounded sets. Then for n large enough we will 
have \ f{ns)/n\ < e which will imply (12. ID . The crucial step is to prove that 
{gn} is equicontinuous and hence compact. To accomplish this fact we rely 
on a theorem of Garsia, Rodemich and Rumsey (see ^) to derive an estimate 
of the modulus of continuity of the functions {gn} from the moment condtion 
< oo_ Wg begin with the interpolation. 

2.1 Interpolation 

For clarity we define the interpolation of a function on the cube [0, l]*^ and so 
we need a way to translate an arbitrary point in M'^ to the cube [0, l]'' and back. 
Let TTf be the vector in Z'* such that for any point u in the cube containing t, 

u-ixte [0, i]'^. 

Definition 5. For r G [0, 1]"^, z G , and t G M'^ 

/(r,z)= Yl r^i'rr---rT{l-nY'-''^^---{l-r,Y'-^''^fiz + r^) 
ne{o,i}'i 
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and 

We also define, 

at{v,u) = {u- 7rt)T ■■■{u- 7rt)f{l - {u - 7r,)i)i-'^ •••(!-(«- Trt)^)'-'' 
so that we can write 

r,e{0,l}d 

Remark 3. For points on the face of a cube the translation vector will not be 
unique. This does not create a problem however, since f{t) is continuous. The 
reason for letting at{r), u) depend on both t and u even though we set u — t above 
is that if s and t are in the same cube then Hg = i^t o,nd at{ri,t) = as{r],t). We 
will need to use this fact below. 

We can now define the family of functions {gn} 

Definition 6. 

9n{s) = -fins); s G 

Th 

2.2 Ergodic Theorems 

We will make frequent use of Zygmund's multivariate ergodic theorem. We state 
it here for completeness and derive some useful corollaries. First we need, 

Definition 7. We say that a function Y e L\og'^~^ L(P) if 

J lyiiog'^-^dy] vi)dP<oo 

where (aV b) — max(a, b). 

9 



Theorem 4 (Multivaritate Ergodic Theorem, Zygmund). Let Ti, . . . ,Td be an 
ergodic family of ^-measure preserving transformations that commute. Then 
for any Y G Llog'^^"'^ L{¥), we have 

ni-l rtd-l 

hm V ■ ■ ■ y Y{Ti'Tj? ■ ■ ■ T/uo) = E[Y] a.s. 

ni,n2,...,na^oo mni ■ ■ ■ Ud ''^ 

«i=0 1^=0 

Proof, see [5] pages 186-187. □ 

The next two corollaries follow immediately. 

Corollary 5. Under the assumptions of Theorem^ we have for ai G (0, oo), 
i = 1, . . . , (i. 

[ainj-l [adwj-l 

lim ^ ^ Y ... Y Y{Ti'T^^...r/u) a.s. 

Here \_a\ is the largest integer not greater than a. 

Corollary 6. Let Ti, . . . , and their inverses T_i, . . . , T.^ be an ergodic family 
of F-measure preserving transformations that commute. Then for any Y G 
Llog"'"^L(P), we have 



li^^ E E Y{Tl^n^...T:,^co) = 2'E[Y] a.s. 

il=— n.+l irf=— n+1 

Corollary 7. Suppose there exist Y{uj) and a > such thatK[\Y\'^^°'] < oo. Let 
{Ti}f^i and their inverses {T^i}f^i be a F-ergodic family of measure preserving, 
commuting transformations. Then for (3 < a 

^ n— 1 n— 1 

lim i- ... Ti'Ti' ...T/\Y{uj)\'^+^ = 2'^m\Y\'^+^] 

i\=—n+l i^=— n+1 

Proof. By Corollary [6] it is sufficient to show 

/ |y|'^+'^log'^-i(|F|'^+^Vl)c/P<oo 

JVl 
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For any a — P > 0, there is a constant a > 1 such that for \Y\ > a, |y|" ^ > 
hg'^-^ \Y\. Therefore, 



/" |y|<i+/3logd"i(|y|d+/3 VI) < /" |F|'^+/5log'^-i(|F|^+'^Vl)+ /" \Y 

Jn J\Y\<a J\Y\>a 



d+a 



□ 



2.3 Equicontinuity 

The core of the proof is to show that Qn is an equicontinous family of functions. 
We will accomplish this by using the Garsia, Rodemich, Rumsey (GRR) theorem 
to derive a modulus of continuity from the the integrability condition. The GRR 
theorem will give us for each u) and for all n an estimate of the form 

\9nix) - gniy)\ < c^\y - 

where c^^ is a constant depending on u and the dimension d, and 6 > 0. For our 
purposes the following version of the GRR theorem will suffice. For the proof 
and the more general version see Stroock and Varadhan [8]. 

Theorem 8 (Garsia, Rodemich, Rumsey). Let h : M'^ ^ M be a continuous 
function on B2, assume •y > 2d. If 

\h{x) - /i(y)|^+° 



Bi JBi 



\x — y\^ 



-dxdy < Co (2.3) 



then for x,y & Bi, 



7~2d 



\h{x) - h{y)\ < ci\x - y\^i+^ (2.4) 
where C\ depends on Cq and on the dimension d. 
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Clearly we need to show that the integral in (12. 3p applied to gn is bounded 
by a constant independent of n (depending on u). We divide the domain of 
integration into two parts giving us the sum of two double integrals. First we 
integrate over the region {x,y G Bi, \x — y\ < 2d/n}. Then we integrate over 
{x, y G Bi, \x — y\ > 2d/n}. 

Lemma 1. Suppose F G /C, then there is a (5 > such that for 'j < 2d + P, the 
2-d dimensional integral 

\gn{y) - gn{x)\''^^ 



lim 



-dydx = c < oo 



\y — xy 

Proof. Choose a so that F G L'^~^°' and set (3 = a/2. By the definition of gn and 
the change of variables t = ny, s = nx, we can write the integral in the lemma 
as 

1 r f \f{ny)-f{nx)\'^+^ 



n JBi JB2a/„{x)nBi 



1 



Bn JB2d{s)nBn 



\y — x\'^ 
|/(t)-/>)r+^ 

It - S|T 



-dydx 



dtds 



We begin by considering s and t in the same cube. If s and t are in the same 
cube TTf = Tig and ^.^g{o i}'' '^tijli'^) = 1- Therefore since /(ttJ does not depend 
on r], 

\f{t)-f{s)\= {at{v,t)-at{7^,s)){f{nt + 7^)-f{7rt)) (2.5) 

»?G{0,1}'* 

< \at{v,t)-at{v,s)\\f{7it + r])-f{'Kt)\ (2.6) 

r?e{0,l}'' 

We now show that \{at{ri,t) — at{r], s)\ < c\t — s\. We use the following lemma, 
Lemma 2. If s,t G [0, 1]" then \t1t2 ■ ■ - tn — S1S2 ■ ■ ■ s„| < |t — s| . 
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Proof of Lemma\^ By induction. Clearly the lemma is true for n = 1. Suppose 
it is true for n, consider, 

|^1^2 ■ ■ ■ tn+l — S1S2 ■ ■ ■ Sn+l I 

= \t1t2 ■ ■ ■ t„+l — tit2 ■ ■ ■ triSn+l + ^1^2 ' ' ' tnSn+l — S1S2 " " " Sn+l \ 
= 1(^1^2 ■ ■ ■ tn)itn+l — Sn+l) + ■5„+l(tlt2 ' ' ' ~ S1S2 ■ ■ ■ Sn)| 

(and since \t1t2 ■ ■ - tnl < 1) 

^ l^n+l ~ -S^+il + \t\t2 ■ ■ - tn — S1S2 ■ ■ ■ S„| 

by the induction hypothesis 

n 

^ l^ji+l ~ Sn+l\ + ^ ^ \ti — Si\ = \t — s\ 
i=l 

□ 

We observe that, at{ri,t) — at{ri,s) is the difference between two products, 
each with at most d factors, so that we may write it as, 

where the s'j,t'j G [0, 1]. By Lemma [2] each of these terms is less than or equal 
to \t' — s'\ = \t — s\. We have shown that for s, t in the same cube, 

\fit)-fXs)\<\t-s\ |/(vr, + r^)-/(7r,)| 

r?e{0,l}'* 

If t and s are in different cubes then there is a sequence of points {m*^*^}™^ 
where m < c, and c is a constant depending only on the dimension such that 
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the pairs (s, u^^^), {u^'^\ u^^~^^^) , . . . , {u^"^\t) are in the same cubes and satisfy for 
i = 1, . . . d, 

min(si,tj) < u'-p < . . . < m-'"^ < max(si,ti) (2.7) 
By the triangle inequahty, 

- hs)\ < \ht) - + - (2.8) 

+ ■ ■ ■ + \fiu^'^) - hu^'^)\ + \hu^'^) - hs)\ (2.9) 

using the above inequahty for points in the same cube 

m 

E E 1^1 (2-10) 

. (|t _ I + l^M _ ^(—1) I + . . . + - I + 1^(1) - s|) 

(2.11) 

Since | ■ | is the £i-norm, we have for si < ui <ti, 

\ti - Si| = ti - Si = ti - Ui + Ui - Si = \ti - Ui \ + \ui - Si\ 

hence, our choice of the u^'^\ i = 1, . . . ,m, guarantees that (12. lip above is equal 
to 

m 

Since |t — s| < 2d the number of terms in the triple sum is bounded by a 
constant. Hence it will suffice to show that for any e G f/, 



c 




|F(7r„ vr, + e)f-^^ \t - s\''^^-^dtds 

Bn JB2d{s)nB,, 



converges to a finite limit. The previous display is 



B„ 



( [ \t-s\'^+'^~"'dt] ds 



3d+/3-7 



\F{TTs,ns + e)\'^^^ds / Iwl'^+^-^dw 

Bn J B2d 
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The assumption on 7 guarantees that the righthand integral is finite and that 
3d + P — ■J > d. So to prove the claim we need to show that 



-J \F{7r,,7c, + e)f^^ds=^ J] \Fiu,u + e) 



\d+l3 

-I' u, a -r 

\u&'L<i\<n 

converges to a finite limit, but this follows from Corollary [71 □ 



We now consider the integral over the region {Bi r\\x — y\> 2d/n}. 

Lemma 3. Suppose F E JC, then there exists a > so that if > 2d + a — 1, 
then 

limsup / / ■ ■ dydx < 00 (2.12) 



Proof. Choose a > so that F G L'^+"(P). 

\9n{y) - 9n{x)\''+'' 



dydx 



\f[ny)-f\nx)\''+- 

— dydx 



n'^'^ JBjBi^^j.)nB. 
Making the change of variables t = ny and s = we have 

1 f f \f(^t)-f{s)r- 



JB^Js)nB„ K - -sr 



dtds 



We break up each rf- dimensional integral into a sum of integrals over d- 
dimensional cubes to arrive at 

|i|<n 
\j\<n 

(2.13) 
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For each pair i,j G we are integrating s over one cube and t over another. 
Since \j — i\ overestimates \t — s\ by at most 2d we have, 

\j -i\ <\t- s\+2d 

< |t - s| + 2d\t - s\ 

< 3d\t - s\ 

— : ? — « < t — S 

Hence the left hand side of fl2.12p is bounded from above by 

\j-i\>2d "^^1 -^'1 -^'■'^ I 



|j|<n,|j|<n 

We write 



(2.14) 



fit) - f{s) = fin,) - /(vr,) 

+ J2 ativ,t)ifint + v)-fint)) 

- ^i*^^' ^) +V)- fi^^s)) 

Since < < 1, Holder's inequality gives 

»?e{o,i}'* 



\d+a 



Since the integrand in fl2.14p is symmetric in s and t and constant on each 
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d-cube we obtain after another application of Holder's inequality, 

1 ff l/W 



^3ci+a-7 j j \t-s\>2d \t — s\'^ 

\s\<n,\t\<n 



< 



Cl 



n- 



3d+Q!— 7 



i,j£\—n,n\' 



d+a 



+ 



li -^1 



Consider the second term in the sum 



Cl 



3ci+a— 7 



E 



2 X]r;e{0,l}'* Sj^j+r? 



I d+a 



ije[-n,n]<*nZ'' 



li - ^1 



< 



Cl 



|F(j,j+e)|'^+" 



^3d+a_^ ^ ^ |?-Z|T 

ije[-n,n]'*nZ'* eGt/ 



(2.15) 



(2.16) 



Consider the coefficient of an arbitrary term in the sum (I2.15P of |-F(j, J +Ci) I''"'"". 
Which is certainly smaller than 



Cl 



n 



'—y — 

3d+a-7 Z-^ |j ^|7 



C X ^ 1 

l+a-'y Z-^ U'h 



< 



^3d+a-7 / -I U|7 
C2 



77, 



3d+o— 7 



Provide 7 > 1. Therefore, as n tends to 00 the right hand side of inequality 
f l2.15p will converge if for any e G f/, the following sum converges 



C2 



n 



Sd+Q— 7 



J2\FU,j+e) 



\d+a 



which converges by Corollary [7] for 7 < 2(i + a. As for the first term, 

Co Z^i-^j r I 



^3d+a-7 \j — jh-{d-l)-a 

i,j<^[-n,n]''nZ'^ 
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Again consider the coefficient of the term \F{k, k + ei)|'^"'"". This term is only 
included in sums where i' = k' with i = {iQ,i'). To see this observe that since 
the canonical path from i to j starts with a move in the ei direction, a path 
starting at i will not cross {k, k + ci) unless k' = i'. Thus the coefficient is 
Co \ - \ - \ - 1 



I n 



^Sd+a— 7 Z-^ Z-^ /-^ I o ^|7-(d-l)— a 

io io j' '-^ ' 



^3d+a-j A^A^ _ j^lj-(d-l)-a _,_ |j/ _ ^/|7-(d-l)- 

«o io j' 



Where the sums here and in what follows are taken over i ^ j,\i\,\j\ < n Let 
a := \jo — io\"'~^'^~^^~°', we need to calculate 

Ci 1 _ Ci 1 

j^3d+a—j Z-^ d _|_ |j/ ^/|7— (d— ^23'^+'^"')' ^—^ a + |j'|7— (i^— 1)-" 

This sum converges iff 7 — (rf — 1) — a > — 1, that is if 7 > 2(i + a — 2 which 
is assumed to be true. Indeed a straight forward calculus computation shows 

El _i 
■ — ; — 7—— — < coaT-t'^-i)-'^ 
a + |j'|7-(<i-i)-" - 

Substituting in the value of a we have 



3 

Hence, 



\ < r \n 7 |2rf-7+Q-l 

a+|^-/|7-(d-l)-a <C2|J0-^0| 



i^O V W ^ < ^2 >P I „■ _ ,,- \2d-'y+a~l 

d+a~^ I „■ _ ^|7-(d-l)-a - ^3d+a-7 Z^ l-'O "I 

io jo j' io jo 

C3 _2(i-7-a 



< ^71 ^ 

— ^da+a— 7 

< 4 



Finally, 



which converges again by an application of Corollary [71 □ 



Lemma 4. The family of functions {g-n} is equicontinous. 

Proof. The previous two lemmas imply that there is an a > such that with 

(3 = a/2, 

ff \9n{y) - 9n{x)\'^^ ^ 

sup / / j j ayax < B 

for J < 2d + (3, (3 = a/2, and B a constant. By theorem [8] 

j-2d 

\9niy) - gnix)\ < C\X - y\ -i+l^ 

Provided 7 > 2(i and x, y are in the unit Li ball. The lemma is proved by 
choosing 2d < 'y < 2d + a/2. □ 



2.4 Proof of Theorem [3 



Lemma 5. The sequence {gn} has a subsequence that converges uniformly on 
compacts to a function g. (Indeed any subsequence has a further subsequence 
which is convergent) . We denote the subsequence by {gn} as well. Additionally, 
for all b,aeM.'^, 

/ •••/ gipi,y2,. . . ,yd) - g{,ai,y2,. . . ,yd)dy2- ■ ■dyd = Q 

J ad J a2 

Proof. The existence of the convergent subsequence follows from Lemma |H For 
the second assertion, since any rf-dimensional rectangle can by created by adding 
and subtracting rectangles with a corner at the origin it will suffice to prove, 

/ ■ ■ ■ / g{ai,y2, ...,yd)- fi'(0, 2/2, • • • , yd)dy2 ■■■dyd = 
Jo Jo 

Consider the sum, 

[atjnj-l [amj-l 
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Since 'K[F{uj, ei)] = this average tends to as n — oo by Corollary [5] provided 
that F is in L log'^""'^ which is true since we are assuming that E[|F|'^+°'] < 
oo. It follows immediately that 

il^;^ E E T--..T-F(^,eO = (2.17) 

id=0 ii=0 

On the other hand, changing notation shows that 

laan\-l [ainJ-1 



id=0 ii=0 



is equivalent to 

[a^nj — 1 [a2nj— 1 

n''' 



^ ^ ■ ■ ■ ^ /(( [ainj - l)ei + ^262 H h ZdCd) - /(^2e2 H h idCd) 

d=0 42=0 

^ ••■ ^ [5'n(ei([ainJ - l)/n + e2i2/nH VCdid/n) 



ia=0 i2=0 

- 9nie2i2/n^ h eaid/n) 

by the definintion of gn- 



We want to show that the above converges to the desired integral so we consider, 



The second term converges to zero since ^^^^ ^ is a Reimann sum. As n ^ oo 
the first summand tends to zero since \gn~ g\ converges uniformly to zero. □ 

We have assembled all of the ingredients needed to prove the main theorem. 
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Proof of Theorem The uniform limit of a sequence of continuous functions 
g is continuous. Since a and b are abitrary Lemma [5] shows that the function 
g{x, 1/2, ■ ■ . , Ud) is a constant function of x. By analogous reasoning we see that 
g is in fact constant in every coordinate, that is, g is a, constant function. Since 
(7(0) is 0, g must be identically 0. Hence all convergent subsequences converge to 
and therefore gn converges uniformly to on the unit (i-dimensional cube. In 
other words, for any e > and n large enough we have |5'n(s)| < e for s G [0, l]"^. 
So that \f{ns)/n\ < e. To conclude the proof we need to show that for any 
e > there is an N such that for n > N, 

sup < e 

\z\<n n 

Let z be arbitrary such that \z\ < ra, then there is a vector s G [0, l]*^ such that 
z = ns. By what we have shown so far we now have \f{z)/n\ < e and since 
z G Z'' we can write \f{z) /n\ < e. Since z is arbitrary the proof is concluded. □ 
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Chapter 3 

Logarithmic Moment Generating 
Function 



In this chapter we prove Theorem [H Recall the definition of the logarithmic 
moment generating function: 



with the ess sup taken with respect to the measure P. Theorem [T] asserts that 
A (A) is the logarithmic moment generating function - i.e., the limit as n tends to 
oo of ^\ogE^'^[e^^'^'^'']. To prove this assertation we first derive a lower bound 
r(A) for i logi?^'^[e'>^'"^"'*] using standard methods from the theory of large 
deviations. Then we derive the upper bound which turns out to be A (A); this 
is where we make crucial use of Theorem [3l Finally we show that A(A) < r(A) 
by establishing the existence of a family of functions {-Fe} G /C so that for any 




e > 
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Then since, 

inf esssuplog V]p(a;, e)e^'^'^^"^'^^'^'^^ < inf ess sup log p(a;, e)e^^'^^"^^' 
and 

infr(A) + e = r(A) 

e 

we will have our result. 



3.1 Lower Bound 

The lower bound is established in a straightforward manner. After changing 
measure we take the supremum over all pairs of transition functions q and 
densities where is an ergodic, invariant density for the Markov chain q. In 
order that we can take this supremum over arbitrary pairs (g, 0) we introduce 
a function h into the objective function which will force the objective funtion 
to be negative infinity if is not an ergodic, invariant density for q. The result 
is a lower bound of r(A) which we define presently. 

Definition 8. r(A) is defined as: 

sup inf /" I V (A, e) - log 4^ + h{uj) - h{T^uj) ] q{uj, e)0(a;)ciP (3.1) 

where q is a transition function, 4> o, probability density and h a bounded mea- 
surable function. 

We obtain the lower bound by a standard change of measure argument. We 
write E^" |^e^'^'^"^] = E^"^ ^''^'^"^^ ^r a Markov chain Q^^. Then assum- 
ing that the measure Qu, is absolutely continuous with respect to P^; and is a 
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stationary, ergodic Markov chain on the space of environments we use first the 
ergodic theorem and then the law of large numbers for RWRE to take the limit 
as n tends to oo. Using Jensen's inequality and taking the supremum over all 
such measures Q^^ will yield a lower bound. In order to prove that A(A) < r(A) 
below we will need to replace this expression for the lower bound with one where 
the supremum is taken over all pairs q and (not only those where is the 
ergodic, invariant density for the Markov chain with transition function q). To 
do this we incorporate the condition for a stationary ergodic density into the 
expression for the lower bound. We first state the law of large numbers for the 
RWRE. The proof is a straightforward generalization of that given by Sznitman 
in [9] pages 14-15. 

Theorem 9. Suppose X„ is a RWRE with transition function p and probability 
measure on the environmnet P. IfF' is an invariant probability measure for the 
Markov chain then P^-a.s. 

hm -(A,X„) = / y^{X,e)p{uj,e)dr{uj) 

The lower bound is proved as the following theorem. 
Theorem 10. 

liminf-logE^" re<^'^">l > r(A) (3.2) 

n— >oo Ti 

Proof. For the change of measure we use the explicit formula for the Radon 
Nikodym derivative of one Markov chain with respect to another, indeed 



= E^- 



dQuj 



exp <^ (A, X„) - log 



g(Xo,Xi)---g(X„_i,XO 
p(Xo,Xi)---p(X„_i,X„) 



fc=0 
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where Qu) is the Markov chain with transition function q and intial state uo. By 
Jensen's inequaltity 



1 



hm inf - log E^^ [e^^'^-^l > hm inf E^^ 



n— >oo 77, 

First we consider 



- A,X„ - -> log — - 

r, ^ p[Xk,Xk+l) 



k=0 



' ^ n— 1 

n ^-^ 



k=0 



By definition of p and q this expression can be written as, 



1 Y^i q{i^k,uJk+i) 
- V log ,_ _ ^ 



We restrict Q to be absolutely continuous with respect to P so that we have 
c/Q = (f){uj)dF. We also take ipdF to be an ergodic invariant measure for the 
Markov chain Q^, then by the tower property of conditional expectation and 
the ergodic theorem we have 



lim inf E^^ 



^ n— 1 

ij^lo, 



q{Xk,X, 



k+l) 



k=0 

lim inf E'^' 



p{Xk, Xk+i 



1 \ ^ \ ^ I qlukiT^LUk) , , 

- X >^ log !- rr- x g(^fc, ^eWfc 



p{uj,e) 



(3.3) 

(3.4) 
(3.5) 



To obtain a lower bound it remains to evaluate 



lim E^^ 



-(A,X„) 



n 



We let A be the set of all pairs (g, 0) where is the ergodic, invariant density for 
the Markov chain with transition function q. For (g, 0) G A we apply Theorem 
[9l the strong law of large numbers. 



lim E^^ 



-{\,Xn) 

n 



I J](A,e)g(u;,e)0(u;)dP(o^) (3.6) 
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Therefore combining the results (13. 5p and 03.60 we get 
hm inf - log E^- re<^'^">l > sup /" V (A, e) e) - log ^^^gfo;, e)0c^P 

(3.7) 

The final step of the proof is to remove the restriction on cj) and q as explained 
above. The condition for 0(cl') to be an invariant density for the chain is 



j h{u)(j)dF = j^h{TeUj)q{uj,e)(j)dF (3.8) 



for all bounded measurable functions h. It turns out that this condition guar- 
antees ergodicity as well (see, e.g., [9]). Therefore if (g, 0) ^ A then 

inf / ^(/i(cu) - h{TeUj))q{uj, e)0ciP = -oo (3.9) 

This allows us to use (13. 8p to decouple and q in (13. 7p and to take the supremum 
over all and q. The result is. 



sup / ^ (A, e) q{LJ, e) - log 



g(^,e) 

p(u;,e) 



g(tu,e)0c/P 



sup inf / I (A, e) - log ^j^'^l + /i(t^) - h{TeUj) 1 g(u;, e)0(u; 



which is the expression for r(A) concluding the proof. □ 

3.2 Upper Bound 

To derive the upper bound for \/n\ogE^'^ j^e^'^'^"^] we would like to bound the 
increments E^'^ [e^'^''''""""^""^^ |X„_i] by a constant, say e'^. Then using the tower 
property of conditional expectation to iterate this inequality we could show that 
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E^" ^e^-^'^"^ is bounded above by e'^", and after taking the log and dividing by 
n we would have an estimate for 1/nlogi?^" j^e^^'"^"'*] of c. This program will 
not work quite so simply because we do not know how to arrive at the value 
of c; in fact since c is the quantity we are trying to derive in the first place, 
we seem to have made no progress. However, we can easily obtain an upper 



bound for E^'^ 



X. 



n-1 



with the appropriate choice of F. 



Proposition [3] shows that l/n ^"^-^ F(X„„i, X„) is small (in the appropriate 
sense), allowing us to derive an upper bound. Written as a variational formula. 



Theorem 11. 



limsup ilogE^- [e<^'^">] < A(A) (3.10) 

n. — ^Do ^ 



Definition 9. For a function F{uj, e) we set 

K{F) := esssuplog^p(cj,e)e<^'">+^('^''=) 

Definition [H] is useful because for all functions F{u,e) we have the obvious 
inequality 

5^p(cu,e)e<^'^>+^(-'^) < e^(^) (3.11) 

eeC/ 

Using inequality 03.111) gives. 



„(A,X„-X„_i>+F(X„_i 



^n-i] = $^p(cI;„_,,e)e<^'^>+^(--^) < 



^(A,e>+F{aJ„_i,e) ^ ^i^(F) 

(3.12) 

We can now perform the iteration mentioned above to obtain the dersired upper 
bound for exp|(A,X„) + X]j=i -^(^j-i' This is done in the following 
lemma. 

Lemma 6. Sn ■= exp | (A, X„) + F(Xj_i, X^) — ^/^(F)! is a super- 
martingale with respect to the sigma field (j{Xq, Xi, . . . , X„). 
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Proof. Since X„ is Markov, using inequality (13.121) gives 
[Sn\a{Xo, . . . , = E""- [Sn\X^-l] 

n 

expj (A, X„) + J2 ^(^.-1. ^i) - 



exp { (A, X, - + X„)} 



< ^n^i by inequality fl3.12p ). 



□ 



Proof of Theorem QTl Applying Lemma E] gives, 

E''- exp|(A,X„) + ^F(X,_i,X,) 



< e 



nK{F) 



(3.13) 



We now restrict our attention to functions F in class K, and use Theorem [3] to 
show that for all F & JC, given e > 0, there is a constant Q > such that 



5^F(X,„i,X,)> 



-c. — ne 



(3.14) 



According to Theorem [3l for F G /C, 



hm sup = U 



That is that given e > 0, there exists such that for n > X^, 

< ne 



sup /(2;) 

|z|<n 



On the other hand, for n < 



sup /(2;) 


< 


sup f{z) 




|2|<n 




\z\<Nt 
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Hence, for any n, 



sup f{z) 

|z|<ra 



< ne + Q 

which is exactly what we need to verify that 

n 

J2f{Xj_i,Xj) <c, + ne 



Hence using (13.14p 

E^- [exp {(A, X„) - Q - ne}] < E^- 



exp<j(A,X„) + 5^F(X,_i,X,) 



and 



so that 



- log E^- [e^^'^-^l < KiF) + e + cJn 



Letting n oo then taking the inf over F E K, gives us the dersired upper 
bound, 



limsup-logE^" [e^^'^-^l < inf KiF) 

= mf ess sup log p{uj, e)e<^'^>+^(^'^) 



□ 



Remark 4. In one dimension Iji3.14\ l follows readily from the ergodic theorem. 
Indeed, 



i=i i=i 
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and 

i=i 

n 



n — ^ n 



n 



and t/ie righthand sides both converge to zero by the ergodic theorem. This 
implies that for each e > there exists Q > such that for all n, 



i=i 



< Ce + 



3.3 Equivalence of Upper and Lower Bounds. 

At this point we have proven in Theorems [10] and [11] that 

r(A) < hminf ilogE^- [e<^'^">] < hm sup - log [e<^'^">] < A(A) 



Therefore the proof of Theorem [T] will be complete once we show that A(A) < 
r(A). We demonstrated at the beginning of this chapter that it will suffice to 
prove 

Theorem 12. For each e > there exists a function & K. such that 
esssuplog^p(u;,e)e<^'">+^^(^'") < r(A) +e 

Proof. We would like to exchange the order of the inf and sup in r(A), but we 
cannot apply the minimax theorem here because we cannot find a topology that 
simultaneously make the spaces of q and (p compact and the objective function 
upper semicontinuous. Instead we take the supremum over a compact space to 
construct a sequence {Fk^e} that converges weakly to F^. 
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We assume the T = cr(UfcX)fc) where each Vk is a finite a-algebra. Let 
Si = Vi and for A; > 1 set 



so that TeSk D Sk~i and T^e^k ^ ^k-i- 

Let Ak be the set of Sk measurable probabihty densities, that is functions 
which are constant on the (finite number of) atoms of such that J (pdF = 1. 
Similarly let Bk be the space of all simple functions on Sk with values in [0, 1]. 
By taking our supremum over these smaller sets we have, 

sup sup inf J [ I (A, e) - log 44 + - T^h ] q{e)(f)dF \ < r(A) 
<^eA,geB, h p{e) J J 

We are now ready to apply the following minimax theorem due to Ky Fan [3] . 

Theorem 13. If M is a compact subset of a topological space and the function 
f : M X N R is convex on N, concave on M and upper semicontinuous on 
M for every v E N then, 

sup inf /(/i, z/) = inf sup /(/i, z/) 

Since the spaces A^, are compact and the function to be maximized 
is continuous and concave in and q and is convex in h the theorem applies 
allowing us to switch the order of the infimum and supremum. 

inf sup sup < / I y" (A, e) - log 44 + ^ - Teh ] qieUdF \ < r(A) 
h 0eA, geB, [ J p{e) J J 



which is equivalent to 



inf ess sup supE 



|](A,e)-log^ + /.-Te/.)g(e) 
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Sk 



<r(A) 



Since q in Bk is £^fc-nieasurable we have, 

inf esssup sup < > ( (A, e) — logg(e) + Eriogp(e) + h — Teh\£k \ [ < r(A) 
h u q&Bk '■f^^ ^ ^ 

The supremum over q is an elementary calculus problem (see the appendix), 
resulting in 

inf esssup \ \og^Q{^^^)+nogp{u,e)+h(u^)-h{T,u^)\ek] I < p^^^, 

for any k G (1,2,...). This means that for any e > 0, A; G N there exists hk,e 
such that for P-a.e. a;, 

iQg g(^.e>+IE[logp(a;,e)+?tfc,j(w)-/is,,,(reaj)|£:fe] ^ pj^Jj^-j _^ ^ (3 15) 

eef/ 

We proceed with the construction of Fk^e- Define Hk,e{uj, e) = hk^eil^) — hk^eiT^uj) 
and define Gk^ei^J^ e) = E [Hk^eil^, ^)\£k\ then set -^^^^(u;, e) = E [Hk^eij^, e)\£k-i\- 
Next we need to show that {-Ffc,e} is weakly compact. Inequality (13.151) shows 
that 

G'fc,e(c^, e) < r(A) - (A, e) - E [\ogp{u, e) \£k] + e 
and by conditioning with respect to £k~i that 

i"fc,e(^, e) < r(A) - (A, e) - E [logp(a;, e) + e 
Note that —Hk^e(T_eUj,e) = —hk,e(T_eUj) + hk,e{^) = Hk^ei^, — e). Therefore 
r(A) - (A, -e) - E [logp(a;, -e)\Sk] + e > GkA^, -e) 
= E[HkA^,-e)\Sk] 
= E[-HkAT-eUJ,e)\Sk] 
= E[-Hk,,iu,e)\T,Sk] 
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and since T^Ek D Sk-i, by conditioning with respect to £k-i we have 
Fk,e{^, e) > -(r(A) - (A, -e) - E [logp(^, -e)\Sk-i] + e) 
We conclude that, 

\Fk,e{i^, e) I < Co + E [- logp(a;, e) + E [- logp(a;, -e) 

(3.16) 

and by Holder's inequality 

\Fk,e{^, e)|'^+" < ci (l + E [- logp(u;, e)\£,^,]''+'' + E [- logp(a;, -e)|£:,_i]'^+") 

(3.17) 

Applying the conditional version of Jensen's inequality gives 

\F,,,{u;,e)f^'' < ci {l +E [\\ogp{u;,e)\''+^\£,_,] +E [| logp(u;, -e)|'^+"|4-i]) 

(3.18) 

and taking the expectation of both sides yields 

E[\F,,,{u;,e)f+''] < Ci (l + E [| logp(u;, e)|'^+"] + E [| logp(u;, -6)1-^+"] ) 

(3.19) 

which gives 



E 



Ffe,,(cu,e)|^+" <C2<oo (3.20) 



Therefore, the sequence {^^^^(a;, e)} is weak L'^+"-compact. We can therefore as- 
sume (passing to a subsequence if necessary) that {Ffe,e(a;, e)} converges weakly 
to some function F^{u;, e) in L'^^". 

We would like to have a strogly convergent subsequence of 

{Fk,e + E[logp{u,e)\£k-i} 
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Set iki^^,e) := ¥.[\ogp{u!,e)\£k-i\; then is a L'^+" bounded martingale. In 
particular, it converges strongly and therefore weakly in L'^^'^. Thus the function 
Sk,e '■= Fk^e+C-k converges weakly to F^ + logp in We next use the following 

theorem of Mazur to construct our strongly convegent subsequence. The proof 
can be found in [6] page 67. 

Theorem 14. Let 1 <p < oo. Suppose {mn} is a sequence in that converges 
weakly to m. Then there is a subsequence {Mn} in that converges strongly to 
m and such that for each j , Mj is a convex combination of {nii, m2, ■ ■ ■ ,mj} . 

According to the theorem there exists a sequence {Sk,e{^, e)} that converges 
stongly to F^{uj,e) + logp(co',e) in L'^~^°', where Sk,e is a convex combination of 
{Fj-, + say 5*^,^ := Zlj=i «j '5'^, ^ and Zli=i = 1- Again by passing to 

a subsequence, we can assume that 5*^^^ converges almost surely to + log p. 
Starting with f l3.15p we have 

exp {r(A) + e}>J2 exp {(A, e) + E [logp(a;, e)\S,] + G,- e)} 
Conditioning with respect to Sj^i gives 

> J]E [exp {(A, e) + E [logp(a;, e)|f,_i] + G,,,{uj, e)} 
and by Jensen's inequality 

> J2 {(A, e) + E [logp(^, e)|^,_i] + F,- ,(^, e)} 

eel/ 

= ^exp{(A,e) + Sj^,} 

k 

i=l ee(7 
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and by the convexity of the exponential function, and Jensen's inequahty once 
again, 

{k 
i=i 

= X^exp |(A,e) + Sk,e^ 

Since Sk^e converges a.s. to + logp, letting k ^ oo gives 
= ^exp{(A,e) + logp(u;,e) + F,{uj,e)} 



SO that 



^ gNg(A,e)+F.(^,e) 



r(A) + e > log J^p(u;,e)e 



{\,e)+F^{u},e) 



To conclude the proof it remains to show that F^{uj,e) G /C. Condition (i) 
that E[|Fe(cj,e)|'^+"] < oo follows from flCTl) and the fact that the L'^+"-norm 
is weakly lower semicontinuous; indeed 

E[|F,(cu,e)|^+°]^ < liminf E[|F„,,(cj,e)|'^+°]3i? 

E[|F,(c^,e)|''+"] <C2 < oo 

The second condition (ii) that E[Fe(co',e)] = follows immediately from the 
definition of weak covergence and the fact that the constant function 1 is in 



35 



L^(P) for any p. Indeed 

E[Fk,,]=E[E[Hk,,\Sk-i]] 

= E[E[hk,,{uj) - hk,,{TeU)\Sk-l\] 
= E[hkA^)]-E[hkATeUj)] 

= 

On the other hand weak convergence imphes that 

hm E[Fk,,] = E[F,] 

k—yoo 

Finally, to prove (iii), suppose the sequence {xij^^g ^ ^'^ is such that xq = Xn 
and Xj+i — Xi E U. Then 

n— 1 n— 1 



i=0 i=0 

n-1 



Fe{Tx,U}, Xi+i - a^j) = ^ Fe{Tx,UJ, Xi+i - Xi) 

n-1 

w-lim Fk,e{Tx,uj, Xi+i - Xi) 

i=0 
n-1 

w-lim [hk,e{Tx,(^) - hk,eiTx,+,uj)\£k-i] 
w-lim E [hk^eiT^o^) - hk,e{Tx„^^)\£k-i\ 



fc— >oo 





thus concluding the proof of Theorem [T2] and that the upper and lower bounds 
are equivalent. □ 
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Chapter 4 

Large Deviation Principle 



As usual we split the task of proving the large deviation principle into proving 
an upper bound and a lower bound. 

4.1 Upper Bound 

The upper bound can be proved using the Gartner-Ellis Theorem (see for ex- 
ample [2]) since the domain of A turns out to be all of M*^. For completeness we 
prove the upper bound directly. 

Theorem 15. For any closed set C eM.'^ 

<-inf sup{(A,a;)-A(A)} 



lim sup — log — - 

n — 5-00 rt fl 



G C 



Proof. Since the walk is nearest neighbor, \Xn\/n < 1. Therefore, 











Pu. 






^ECnB 




n 




n 
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where B is the closed unit ball centered at the origin. Hence it suffices to 
prove the result for compact sets. Set I{x) — sup^{{X,x) — A(A)} and let 
1$ = min{/(a;) — S,l/6}. Let i^' be a compact set in M.'^. By the definition of Is 
we may choose for every z e K, so that 

{X,,z)-A{X,)>Is{z) 

For each z E K choose > 0, so that a^lA^I < S. Define to be the open 
ball centered at z with radius az that is — {x : \x — z\ < ccz}. Then by 
Chebyshev's inequality, 

Since — (A^, x) — (A^, z — x) — (A^, z), we know that 

- inf (A^,x) < a^lA^I - {X^.z) 

<S-{K,z) 

This gives us, 

- log [Xjn e Dz] < E^" [e<^-^»>] + 6 - (A„ z) 

By the compactness of K we can choose a finite number of these balls, say N , 
centered at points Zi that cover K. Then 

- log [Xn/n eK]<-\ogN + 5- min j ( A^, , ^i) - - log E'^^ 
n n i=i,...,N [_ n 

and hence, 

limsup - logP^ [Xn/n e K] < S - min {(A;,., Zi) - A(A^J} 

n-*oo n 1=1,..., AT 
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and by our choice of the A^- 



<(5- min Is{\z,] 

i=l,...,N 

<5-h{K) 



where I{K) = inf^^x H^)- Letting 5 | gives the upper bound. 



□ 



4.2 Lower Bound 



Theorem 16. For any open set O G 



hm inf — log 



n 



> - inf sup{(A,x) - A(A)} 

X&0 X 



Proof. It suffices to prove that for any ball D^{x) (an open ball centered at x 
with radius e) that 



lim inf — log P^ 



n 



> -sup{(A,x) - A(A)} (4.1) 

A 



This is because for each point x in an open set O there is a number e such that 
D^{x) C O. So that after taking the infimum over x G O of both sides of (14.11) 
we see that for each x G O and such an e the left hand side of (14.11) is less than 
or equal to 



lim inf — log P^ 



n 



Hence we can proceed to estimate, 



lim inf — log P^^ 



^ G D^x) 
n 



lim inf — log 
lim inf — log E'^'^ 

n^oo fl 



1 



\ n 
X„ \ dp,, 



n J dQ^ 
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Consider the probability measure i?^ defined by 

" Q^(A(X„/n)) 
setting D = D^{x) we calculate 



dQu 



loK E^'- 



\ogW^iD)E 



dR, 



logQ^(D) + logE^- 



dP^ 
dQu. 



(4.2) 
(4.3) 



and by Jensen's inequality 



lj:){XrJn) log 



dQu. 
dR, 



(4.4) 



multiplying by 1/n gives us 



1 



n 



dPu^ 
dQu. 



> 



logg^(D) 1 



n 



Qu.{D) 



lD{Xn/n) dQu 
■log- 



n 



dRu, 
(4.5) 

If dQ = (j){uj)dF is an ergodic invariant measure for the g-markov chain such 
that 

J q{uj, e) — q{to, —e)(f){ij)dF = {x, e) 

then by (13.51) and the law of large numbers for the RWRE the right hands side 
of (USD tends to 



eel/ 

as n tends to infinity. Therefore 



g(^,ej 

n— P^e) 



q{uj,e)(p{uj)dF 



lim inf — log Ruj 

n—>oo n 



n 



40 



where 



g{x) := inf [ log ^P^li^, e)0(u;)dP (4.6) 

Aj,. is the collection of pairs ((?, 0), is an the egodic invariant distribution for 
q and / g(e) — g(— e)0(ci;)(iP = (x, e). 

We know from the conclusion of Theorem [1] that 

lim -logE^- re<^'^">l = sup \ f (X,e)q(e) -y^log^qieUdF} 

= sup sup \{X,x)- [ y^log'^qi^e 



sup 



I (A, x) - inf / V log ^qie)<pdF I 



= sup{(A,x) -5'(a;)} 

We show below in Lemma [7] that g{x) is convex, identifying it as the convex 
conjugate of A (A) thus concluding the proof. □ 

Lemma 7. The function g{x) in ^4-0^ is convex. 

Proof. Set 

7(g,0) := / 5^1og^|^^g(u;,e)0HrfP 



Then 



g{x)= inf 7(g, 



We want to show that for a G [0, 1], 6 = 1 — a, that 

g{ax^ + hx^) < ag{x^) + hg{x^) 

The definition of g{x) guarantee's that for a given e > 0, we can choose (gfc, (pk) G 
A^k so that 'y{qk,<Pk) < g{x^) + e/2. Assume that we have chosen such a 
(0fc; Q'/c) € foi' ^ = 1)2. Our aim is to construct q^, 03 so that 
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(i) 03 is an ergodic invariant distribution for 

(ii) / {q^iuj, e) - qsi^u, -e)03(iP = a{x'^,e) +b (x^ e) 

(iii) 7(g3, ^3) < 07(^1, 0i) + 67(^2, h) 
Then 53, 03 will be in y4aj.i_|_6a;2 and 

g{ax^ + hx^) < 'y{q3, 03) < 07(^1, 0i) + 67(^2, 
< ag{x^) + bg{x^) + e 

proving the lemma. To construct (gs, 03) define, 

a0i 

a := — -— 

a0i + 002 

a0i + 602 
qsi^uj, e) := agi(ci;, e) + Pq2{uj, e) 

03 := a0i + 602 



To check condition (i), we have to show that 03 is an ergodic invariant distri- 
bution for ^3. We use the condition (13.81) and calculate that for any bounded 
measurable function h, 

I 5^ /i(Te^)g303(iP = / ^/i(Tea;)(agi + /5g2)(a0i + 602)rfP 

a h{TeUj)qi(j)id¥ + b /i(TeO;)g202(iP 



a / /i0iciP + 6 / /i02rfP 



/ 



^03 
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Showing that (i) is indeed true. 

To check condition (ii) we simply expand the definitions to compute 

J (?3(e) - q3{-e))(f)3dF = J {aqi{e) + /3q2{e) - aqi{-e) - /3g2(-e))(a0i + 602) 

= J a{qi{e) - gi(-e))(a</.i + b(f>2)dF 

+ J Piq2ie)-q2i-e)){a(Pi + b(P2)dF 

J (gi(e) - qi{-e))(l),dP + b J {q2{e) - q2{-e))(f)2dF 

— a (x^, e) + b (x^ , e) 

Lastly, we prove condition (iii), We have, 



7(93, 0; 



+ /log +fe(-e))fe<ff 



and since x log x is convex, by Jensen's inequality 



+ / [piog^j^q2{e) + piog^jt^q2{-e)^ hdF 

alog^gi(e)0i + alog4^gi(-e)0il dF 
p{e) p{-e) J 

+ J |61og^g2(e)02 + Mog^^g2(-e)02}rfP 
= a7(gi,(/)i) +67(52,02) 



proving that g{x) is indeed convex. □ 
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Chapter 5 

The One Dimensional Case 



5.1 Previous results 

The situation in one dimension has been well understood for some time. A good 
starting place for a more detailed study and a more comprehensive bibliography 
is [in]. Here we will show the equivalence of our results with those perviously 
obtained in the one dimensional case . 

Let Ti = inf{n : Xn = 1} and r_i = inf{n : X„ = —1} and for any r G M, 

Giu,r) = E^-[e'-^U|.,<„o}]; H{uj,r) = [e^'--U|._,<oo}] 

g{r) = E[\ogG{uJ,r)]] h{r) = E[log H {uj , r)] 

Comets, Gantert, and Zeitouni \T\ present the following quenched large deviation 
principle for an ergodic nearest neighbor random walk in a random environment, 

Theorem 17. Assume that (P, T) is ergodic and that the random walk is uni- 
formly elliptic. Further assume thatK[log{p~ /p^)] < (i.e. the walk is transient 
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to the right). Then Xn/n satisfies a large deviation principle with rate function, 

{^^Vr&Ri'T - xg{r)]} 0<x<l 
(5.1) 
^'^Vr&ni'^ + ^h{r)]] -1 < X < 

Remark 5. There is an analogous result for the case where the walk is transient 
to the left. 



5.2 Our result in one dimension 

In one dimension, U = {— 1,+1}. We will use the following shorthand to make 
the notation more transparent. 

F(cu,+1) = F+(c^) 
F{u,-l) = F~{uj) 
=p'^iiu) 
p{uj,-l) =p'{uj) 

The class /C includes those pairs of functions F"^ such that 

(i) Moment: F e L\F). 

(ii) Mean Zero: E[F^{uj)] = 0. 

(iii) Closed Loop: F+{uj) + F-{Tuj) = 

Remark 6. Notice that F only needs to be in L^{F) as opposed to IJa>o L^~^"'{F). 
Looking back at the parts of the proof of TheoremUl where L'^~^°' was needed will 
show that in one dimension will suffice. 

The one dimensional version of Definition H] and Theorems [1] and [2] are: 
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Definition 10. 

A(A) := inf esssuplog|p+(cu)e^+^^('^) + p-(cj)e-^+^"('^) 
where the ess sup is with respect to the measure P. 
and 

Theorem 18. Suppose J \logp'^{uj) \ dF < oo. Then 

lim - logE^- [e^^-l = A(A) (5.2) 

n— >oo n 

Theorem 19. Under the assumptions of TheoremlT^ Xn/n obeys a large de- 
viation principle with rate function 



/(x) = sup{Ax - A(A)} (5.3) 

A 



5.3 Equivalence with Previous Results 

In this section we will show that the rate functions I{x) and J{x) are in fact 
equal. In order to facilitate this it is easiest to put the rate function I{x) in a 
slightly different form. We start with some definitions. 

Definition 11. The set A is made up of all pairs {0,X) G M x R such that there 
exists G /C such that 

log{pV+^Vp-e-^+^"}< A 

Definition 12. 

I{x) = sup {9x — A} 

(6»,A)gA 
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Lemma 8. 

i(x) = i{x) 

Proof. We have I{x) — supq{9x — A(A)}. Now if A) e A, then there exists 
F such that log{p+e^+^^ +p~e-^+''~} < A. The definition of A is 

A(^) = inf esssuplog{p+e^+-^^ +p-e-^^^^'} 

that is, for all F e /C, A(^) < log{p+e^+-^+ + p-e-^+^~} so that for {6, X) e A 

A > A(^) 

and hence 

i{x) < I{x) 

On the other hand, by the definition of I{x), given e > 0, for all 9 there is an 
F e AT such that 

log{p+e^+^^ + p-e-^+^"} < A(^) + e 

which tells us that {9, A{9) + e) is in A therefore, 

i{x) > sup{9x - {A{9) + e))} 
e 

Letting e tend to zero finishes the proof. □ 

We now turn to the main result of this section. 
Theorem 20. I(x)=J(x) 

Proof. The first step is to find two examples of members of the set A in terms 
of the functions Giu, r) and H{uj, r). We decompose according to the first step 
of the random walk to observe that G(a;, r) satisfies, 

G{uj, r) = p+e'' + p-e'^GiT-^u, r)G{uj, r) (5.4) 
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We choose, 

F+ = -logG'(u;,r)-e, 
F- = logG(T-Vr) + ^, 

Og = -9{r) 

A = -r 

One easily checks that Fg e JC and that 

log{p+e^«+-^s^ +p~e~^'>^^^} = -r 

so that indeed 

i-gir),-r)eA (5.6) 
Following the same procedure using the function H we see that 

Q-r ^ p+^logH{Tw,r) _^ p- ^-log H{oj,r) 

Now we choose, 

F+ = \ogH{TLO,r)-0h 
F- ^-\ogH{u,r) + 9h 
Oh - h{r) 
A = -r 

and again F/j e /C and 

{h{r),-r)eA (5.7) 

Having found the two elements of A that we require, the next step in the proof is 
to utilize the defining property of set A to derive a relationship between 9, A and 
g. Recall that F{x, x + e) is defined to be equal to F{TxU!, e), which in our one 
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dimensional case states that F{x,x + 1) = F^iT^oj) and — 1) = F {TxOj). 

Set 

Rn = exp |^X„ + ^ F{Xn-l, Xn) " 

If {6, X) E A then according to Lemma[6l {-Rn} is a supermartingale with respect 
to cr(Xo,Xi, . . .Xn) and Ro = 1. Hence, E^'^[Rn] < 1 and in particular, since 
{Rn} is a positive supermartingale the stopping theorem gives, 

E^'^[Rti'^{ti<oo}] < 1 

and since on {u : ti < oo} we have R^ = exp{^ + F~^{uj) — Ari} we have 
E^-[exp{^ + F+{u) - Ari}l|,,<„o}]] < 1 

so that 

Taking the logarithm followed by the expectation with respect to the environ- 
ment gives, 

E[logE^"[e-^^^]l{.,<oo}]] < n-0 - F+{uj)] 

in other words, 

< -9{-X) 

A similar argument will give us, 

e > h{-X) 
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We deal first with the case when the argument of the rate function is positive, 
that is < X < 1. Since (15.61) gives us {—g{\), —A) G A we obtain, 

I{x) = i{x) > sup{-5f(A)a; + A} = J(x) 

A 

On the other hand, since —g{—X) > 0, for [6, A) G A and x > 0, 

I{x) < sup{—g{—\)x — A} 

A 

= sup{— 5'(A)x + A} = J{x) 

A 

For the case — 1 < a; < 0, since {h{X), —A) G A 

I{x) > snp{h{X)x + A} = J{x) 

A 

and since h{—X) < 6, and x < 0, 

I{x) < sup{/i(— A)x — A} 

A 

= sup{/i(A)x + A} = J{x) 

A 

□ 
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Appendix 



A Calculus Result 



We solve the following maximization problem. 

{ 5^ (('^' ^) - ^(^) + ^ i^^SPie) + h- T,h\£k] )q{e)] (A.l) 

Where /i is a bounded measurable function and and are defined as in 
Chapter 3. Set u{e) — 'E[\ogp{e) + h — Tgh\Sk\ ■ Since q{e) and u{e) are constant 
on the atoms of £k, we can treat q and v as constant functions of cu. We calculate 
the first and second order conditions. 

d 



dq{e] 



■ { Yl (^'^' ^) - ^(^) + ^(^)) ^(^) } = ((-^' - log g(e) 



92 rv-/ \ . .1 1 



■{5^((A,e)-logg(e) + Ke))g(e)} 



Since g(e) > the second order conditions will guarantee that we indeed have 
a maximum. Setting the first order conditions to zero implies that q{e) is 
proportional to 

exp((A,e) - i/(e) - 1) 
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and since 



e) = l 



The optimum of (lA.ip is attained at 

exp((A,e) - u{e)) 



q [e) 



EeGC/exp((A,e) - z/(e)) 



Substituting this value back into the objective function (lA.ip we obtain 



eel/ 



sup I 5];((A,e) -logg(e) + E[logp(e) + /i - Te/i|^fc])g(e 
= log^exp((A,e) + z/(e)) 

eeC/ 

= log5^exp( (A, e) + E[logp(e) + - T,/i|ffc] 



ee(7 
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